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Using the charge density from the two-parameter Fermi model, a robust and nontrivial
correlation between binding energies and charge radii of mirror nuclei is newly pro-
posed. This correlation enables simple yet reliable predictions of the nuclear mass and
charge radius of proton-rich nuclei. The validity of these predictions is demonstrated by
comparing the predicted binding energies and charge radii with experimental data and
predictions from other models. All 197 predicted binding energies and 199 charge radii
involved in the comparisons are tabulated in the Supplemental Materials of this paper.
The noticeable discrepancies are attributed to the off-systematical asymmetry in charge
radiii of mirror nuclei. Those off-systematical behaviors may correspond to some local
structural anomaly, which the proposed correlation may serve as a sensitive probe for.
The difference in mass dependence of charge radii near the proton dripline compared to
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those along the B-stability line supports the validity of our prediction method.

Keywords: nuclear binding energy, charge radius, mirror nuclei, local structural anomaly

1. Introduction

As the new generation of radioactive ion beam facilities begins operation and con-

1-6

struction,”® more and more nuclei far from stability are being and will continue

to be produced. This extends the nuclear landscape from stable to exotic nuclei”
and provides new insights into nucleosynthesis in stars and stellar explosions.5?
Nuclear mass (or mass related observable like nucleon separation energy, o decay
energy) is usually the first observable measured for a newly discovered nuclide.
Moreover, masses of proton-rich nuclei play vital roles in the rapid proton capture
process and neutrino-induced nucleosynthesis.'% ™ Therefore, accurate mass pre-
dictions for proton-rich nuclei are highly desirable for studying proton-rich nuclide
synthesis in the lab and in stars.

Mass predictions are typically based on global nuclear structure models or lo-
cal mass correlations.'? Global models have been successfully developed since the
1930s, beginning with Gamow’s proposal of the liquid drop model for nuclear bind-
ing energy.'® Building on the liquid drop model, the Bethe-Weizsécker formula pro-
vides a simple yet profound method for estimating nuclear binding energies.!®1°
Beyond the simple macroscopic liquid drop model, nuclear microscopic structure is
introduced into macroscopic-microscopic models to further improve nuclear mass
descriptions, such as the finite range droplet model,'5'° the Weizséicker-Skyrme
model, 20724
mass analysis and prediction, such as the Duflo-Zuker model,?% relativistic mean-

field theory,?” the Skyrme Hartree-Fock-Bogoliubov model (e.g., Refs.?®2%)  rela-
30,31

and their variants.2> Microscopic structural models are also used for

tivistic continuum Hartree-Bogoliubov (RCHB) theory, and deformed relativis-

tic Hartree-Bogoliubov theory in continuum (DRHBc).3?:33

Recently, the DRHBc Mass Table Collaboration presented the ground-state
properties of even-Z nuclei across the nuclear chart, successfully reproducing nu-
clear masses within an RMS (root mean square) deviation of 1.433 MeV and charge
radii within approximately 0.03 fm.343% However, global models are optimized
for the entire nuclide chart, where drip-line nuclei have little influence. As a re-
sult, global models are considered less accurate for drip-line nuclei. In contrast,
some mass correlations, such as Audi-Wapstra systematics (see®® for example), the

37,38 and the systematics of residual proton-neutron inter-

Gareyy-Kelson relations,
action,3? 42 have been successful in making precise mass predictions at the edge
of known nuclei but usually fail to predict the masses of drip-line nuclei for two
reasons. First, these correlations are typically valid for several nearby nuclei. As
the distance between nuclei increases, their correlation weakens, introducing signif-
icant systematic errors. However, predicting the masses of drip-line nuclei requires
a non-local correlation that usually extends from the valley of stability to the drip

line. Second, if one insist on a local correlation for drip line mass prediction, such a
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correlation must be applied iteratively, causing prediction uncertainty to accumu-
late rapidly. Therefore, it is desirable to establish a non-local correlation involving
fewer nuclei.

The isospin symmetry enables such a non-local correlation between only two
(mirror) nuclei. Isospin symmetry arises from the charge independence of the nu-
clear force, which dictates that the binding energy difference between mirror nuclei
is primarily due to the Coulomb force. Compared to the nuclear force, the Coulomb
force is better understood and can be easily modeled with a simple but reasonable
charge density. This allows the binding energy difference between mirror nuclei to
be calculated without the detail of nuclear structure governed by the nuclear force,
making it possible to predict the binding energy of a proton-rich nucleus using
just one experimental input: the known binding energy of its mirror nucleus. More
importantly, the mirror mass relation is independent of distance, enabling the estab-
lishment of a non-local correlation between mirror nuclei with larger proton-neutron
number differences. This approach has recently been adopted to predict the binding

energies of proton-rich nuclei such as in the isobaric multiplet mass equation,*346

47-49 and mass relations of mir-

improvements to the Garvey-Kelson mass relation,
ror nuclei.’®>* Most recently, additional corrections have been made to the mass
relations of mirror nuclei, taking into account the global impact of pairing and shell
effects.?:56

The nuclear charge radius is another key observable for studying nuclear struc-
ture. For example, it is related to shell closure and weakening,” 68 62,69,70
nuclear shape’ 74 and shape coexistence,%% 7> the nuclear equation of state 37678
heavy-ion collisions,” 80,81
isomer shift.®? The recent development of new radioactive ion beam facilities has
enabled measurements of the charge radii of unstable nuclei via isotope shifts from
laser spectroscopy experiments (for example, see Refs.6062,62,66,68,83-87) " Aqdition-
ally, charge-changing cross sections provide another perspective on proton distri-
90-94 Byilding on these ad-

vances, compilations of experimental charge radii has been developed.?”*% These

pairing,

exotic neutron distributions and halo structures, and

butions across the nuclide chart,?%8 as shown in Refs.

efforts significantly extend the available charge radius data and simplify access to
new measurements.
Similarly to nuclear mass, there also exist global and local models for charge

967103 and, 1741047108 yegnectively), which certainly

radii (for example, see Refs.
advance our understanding of nuclear charge structure. Recently, machine learning
has also been introduced to predict nuclear charge radii.'® 113 In particular, the
difference in mirror pair charge radii has been suggested as a probe for the slope of
the symmetry energy (for example, see Refs,58114-118)

Since both the mass difference of mirror nuclei and their charge radii are related
to the nuclear electric system, it is possible to establish a correlation between the
mass and radius of mirror nuclei, by assuming a reasonable charge density. Histor-
ically, a correlation of this kind could have been derived from Bethe’s proposal for

estimating nuclear size.'1% 120 Moreover, any sophisticated nuclear structure model
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could numerically connect the properties of nuclear densities and binding energies,
as demonstrated in Ref.'?! However, we have not yet encountered an explicit cor-
relation for mirror nuclei in the existing literature. Thus, it is new to explicitly
establish an analytical correlation between charge radii and binding energies for
mirror nuclei.

In this work, we combine nuclear binding energies and charge radii of mirror
nuclei into a single correlation. A new observable in this correlation can be quantita-
tively estimated, based on certain nuclear charge density. We demonstrate that this
observable is insensitive to the details of charge density and varies little across dif-
ferent regions. Therefore, the resulting correlation is robust, which may help predict
unknown masses and charge radii of proton-rich nuclei. The theoretical uncertainty
of this observable is analyzed in different regions. Finally, we use this robust corre-
lation to predict nuclear binding energies and charge radii based on experimental
data from Refs.36:57:95,122 % The validity of our predictions is supported by exper-
imental data from AMEZ20, Rcl3, and Rc21, as well as previous predictions from
Refs,34-36,52,54-56,104,106, 107

This paper is organized as follows. In Sec. 2, we propose the correlation involving
the new observable, and relate this observable to the two-parameter Fermi model of
nuclear charge density. In Sec. 3, we analyze the robustness and uncertainty of the
estimated observable. In Sec. 4, we verify the predictions of nuclear binding energies
and charge radii by comparing them with experimental data and predictions from
other models. Finally, we summarize this work in Sec. 5.

2. correlation for mirrors

According to the Bethe-Weizsécker formula, the nuclear binding energies of the
mirror pair, characterized by proton or neutron number equal to Z or N, can be
schematically written as

B(Z,N) =a,A — a;A*'* — Beou(Z, N)
A
- asym(§ B N)QA_l - apair(sN;ZA_lm

B(N, Z) =a,A — a,A*® — Boow (N, Z)

A _ _
- asym(§ - N)2A 1 apair(sN,ZA 1/27

where Z and N represent the proton or neutron number of these two mirror nuclei,
and A is their mass number. Among the five terms of the Bethe-Weizsécker formula,
only the Coulomb term By, differs between mirror nuclei. Thus, the difference in
binding energy between the mirror nuclei arises solely from the Coulomb term. The

*For convenience, in this paper, the database in Refs.36:122 is referred to as AME20 (“atomic
mass evaluation 2020”); those in Refs.?”'9% as Rc13 and Rc21 (“2013 and 2021 compilations of
charge radii”), respectively.
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reduced Coulomb displacement energy of mirror nuclei can be written as

Ae(Z,N) = (%, J(V]\)T:sz(jv Z) 2
_ Bcoul(N7 Z) - Bcoul(Z, N) ( )
B A(N - Z) ,

where ¢ is the binding energy per nucleon as ¢(Z, N) = w. We further define
a new nuclear observable, n(Z, N), as

n(Z,N)=Ae(Z,N) x R.(Z,N), (3)

where R.(Z,N) is the RMS charge radius. The unit of n is MeV x fm = -L- in
natural unit system, making 7 a dimensionless observable. If n can be determined
independently from experiments, Eq. (3) directly links two nuclear masses and one
charge radius of two mirror nuclei. This creates a non-local yet straightforward
correlation with as few as possible nuclei, allowing predictions of nuclear mass and
charge radius around proton drip line.

The nuclear charge density Zep(7) should be normalized as follows

/// p(7)dF = 1. (4)
D

Then,

Rez.N) = [ p(rar (5)

The charge density Zep(7) can also be used to calculate Beoyu. This calculation

typically involves decoupling Beoyl into three components:!23

Bcoul = Bdir + Bexch + Bs‘o.v (6)

corresponding to the direct Coulomb energy (dir), exchange energy (exch) and
spin-orbit coupling (s.o0.). Accordingly, we should calculate

Ae = A5dir + A5exch + A55.0.» (7)

separately. Each term in Eq. (7) is a functional of p(7), making n a functional of
p(7), given that R, is also a functional of p() according to Eq. (5). By assum-
ing a reasonable charge density p, one can calculate the 7 value independently of
experiments, which may serve the prediction of unknown masses and charge radii.

In this work, we consider the charge density from the two-parameter Fermi
model as

_ Po
p(?") - 1 +eXp (%)7 (8)

which is an isotropic charge distribution. The parameter p, is introduced to satisfy
the normalization condition of Eq. (4). R corresponds to the nuclear geometry
radius, where p(R) = po/2. a represents the thickness of nuclear surface dispersion.
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In Sec. 3, we will demonstrate that with the two-parameter Fermi model, 7 is a
robust observable, and largely unaffected by variations in the parameters a and R.

Furthermore, we adopt the assumption of approximate isospin conservation.
Consequently, we presume that the wave functions of the valence neutrons in the
ground state of a given nucleus and the valence proton in its mirror nucleus have
identical shapes. In simpler terms, mirror nuclei are assumed to share the same a
and R parameters. This assumption holds only approximately, of course. However,
Janecke!?? has shown that, with this assumption, Ae calculations for nearly semi-
magic nuclei yield a fit within approximately 20 keV. Given the complexity of
introducing two sets of ¢ and R parameters for mirror nuclei in Ae calculations
and the experimental unavailability of ¢ and R parameters for Z > N nuclei, this
assumption may represent a reasonable compromise.

Under the exact isospin assumption, we consider that the values of a and R for
a mirror pair might represent the average of the two mirror nuclei. Or, following the
differential mean value theorem, they could potentially correspond to some nucleus
situated halfway between the two mirrors, although such a nucleus is currently in-
determinable. Therefore, we suggest that a practical approach would be to employ a
suitable fitting method for the a and R parameters. This method can help minimize
the modeling error arising from our assumption, as we will adopt in Sec. 3.1.

2.1. RMS charge radius

With the charge density of Eq. (8), we evaluate how R, varies with respect to a
and R. According to Eq. (5) we have

oo 4
R, — / um"d; )
0 1+6Xp (T_T)

where
1
po = e — (10)
0 1+exp(%)
We introduce the function of
5 oo zidzx
3 fO 1+exp(zT71)
f(t) = (11)

o z2dx ’
fO 1+exp(%71)

where the factor % is introduced to insure that f(0) = 1. Then we have

R, = \/ng (%) (12)

Here, we note our assumption that mirror nuclei share the same a and R pa-
rameters. Consequently, under the assumption of identical charge distribution, one
might expect mirror nuclei to possess the same R.. However, studies have shown
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that the difference in charge radii between mirror nuclei is not zero, but propor-
tional to the isospin asymmetry (N — Z)/A.%5:124 To account for the effect of isospin
asymmetry on charge radii, we adjust Eq. (12) to

_Bre(a, G N-2Z2_ 3 ay G N-Z
RC(Z,N)\/;Rf(R)+0 - \/;R f(R)w\/gRA . (13)

where 0 is a coefficient yet to be determined. This incorporation of the isospin
asymmetry term (N — Z)/A in the charge radius calculation represents a necessary
compromise to enhance the realism of our model, given the complexities involved in
introducing two sets of a and R parameters in R, calculations and the experimental
unavailability of these parameters for nuclei with Z > N.

2.2. Direct term

To obtain Aeg;jr, one can first calculate the electrical field strength at given r spher-
ical shell. According to the Fermi-model charge density, it should be

2
e [y p(r') x dmr dr
2

E(ry=2Z (14)

4meg r
Then, the direct term of Coulomb energy of a nucleus with proton number Z reads
1 oo
Bair =3¢0 / E2(r) x 4nr2dr
0

(15)
3 ez 1 a
—Z72 —hl=
5 47T'50 R (R)’

where

§/ {fo 1+exp(” 2 /fo 1+ex:di 1)}2

h =g |

dx. (16)
The factor % is introduced so that ~(0) = 1. Assuming two mirror nuclei share the
same a and R parameters for their charge density, then the contribution from the
direct term to the reduced Coulomb displacement energy reads

3 e 1 a
Aegiy =2 —p (7) . 17
T S ireo R \R (a7)
Assuming a = 0, i.e., with a uniform spherical charge distribution, Aeg;, reduces to
3 e 1
Acgi = = —. 18
ed 5 4’/T€0 R ( )

Correspondingly, the contribution from direct term to n observable would be

2 _
e O R O R
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Assuming a = 0, i.e., with a uniform spherical charge distribution, and § = 0 in Eq.
(13), i.e., without isospin asymmetry, nqi; reduces to a non-dimensional constant,

2 .
%\/g ¢ . For convenience, we define

4meg
3 /3 €2
=2,/2 20
o 5\/; = (20)

as the unit for the 7 evaluation. Then, we have

Naic = Mo | f (%) + 9% h (%) : (21)

2.3. Exchange term

Based on the Fermi-gas model, Bethe and Bacher!® !9 determined the exchange
term of the Coulomb energy as

3 3 %Z4/32 o
) € 4/3 2
Bexen = —= | — 4rredr, 22
v =3 () G [ o (22
We introduce
4
[e%¢) 2d ] 2d 3
k() =374 / — [/ == ] , (23)
0 [IJFBL;I]E o l+e

where the factor 373 is introduced so that k(0) = 1. Then we have

2 4
3/3\?® 2 Zs a
Boa =3 ()22 (0, 24
" 4(%) dreg R \R (24)

The contribution of exchange term to Ae is then written as

3/3\% & N3 —-Z% sa
Aexc =— >\ 5= k(=
Foxch 4(%) dmeo AN — Z)R (R)
13 §é21k(a)
“2\n/) 4meg AR \R/’
+

4/3 _ 74/3 1
% ~ % (NT) * is adopted, according to differential mean value

where
theorem.

2.4. Spin-orbit coupling term

According to Eq. (42) of Ref.,'?3 the reduced Coulomb displacement contribution
from the spin-orbit coupling is written as

1 gw_gu_l
Aegg o =—0.6
Eso. Zm%e A

26)

> 1 dVeore (

></ p(r)— 4rridr,
0

r dr
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where the g factors for proton and neutron are g, = 5.586 and g, = —3.826,
respectively, and the proton mass is taken as m, = 938 MeV. To obtain Eq. (26), it
is assumed that the spin-orbit coupling sum of S = > [-3ison average proportional
to nucleon number with slope of 0.6, as demonstrated in Fig. 6 of Ref.1?3

Given that charge density of the Fermi model is isotropic, the gradient of electric
field % = E(r), where E(r) is the electric field strength as defined in Eq. (14).
Using Gauss’s Law for a static electric field, E(r) x 47r? = %OT), where Q(r) is the
electric charge within a sphere of radius r, and thus Q(r) = Ze for p(r"amrdr’.
Note that Aeg . actually involves two nuclei with different proton numbers. Thus,
we introduce the average Q(r) for two mirror nuclei into the spin-orbit coupling
term as

Q(r) = N _2‘_ Ze/r p(r"anrdr'. (27)
0

Then, we have

1 egﬂ‘_gl/_]- e 1~
Agg o =—0. — - d
R e el A CE O

2

1 e
— 03— —(gr— g, — 1
Qm%&'o(g g )

« > 1 " / 2 g1
p(r) p(rYdmr'2dr' b dr
0 T Lo
_ 3L ¢

3 - 1) (%)
2m2 4me m = v mBI\Rr)

(28)

where

2
%) fow yi,ldy 00 2 2
it xedx
g(t):/o {11:_ T_l}da:/[/o 1+e“] : (29)
T et ¢
One sees that g(0) = 1.

2.5. Total
Finally, the total Ae is the sum of all the three terms as

=S @ (0) R - R @

Correspondingly, total 7 can be written as the product of Egs. (13) and (30), and
read
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a

n=no |f (R) +0]\>§Af%

r@) - () s -t ()}

We note that the factor % (%)% A3 approximately ranges from 0.17 to 0.03,
and the factor % from 0.014 to 0.003 for A from 10 to 130 with widely
adopted R ~ 1.24'/3 rule. Since the functions h, k, g are all in the same order,
with h(0) = k(0) = ¢g(0) = 1. It can be seen that the direct term contributes
most to 77, the exchange term contributes less by an order of magnitude, and the
spin-orbit coupling term contributes even less by another order of magnitude. We
also note that the contributions of exchange term and the spin-orbit coupling term
are related to the mass number by a factor of A*%, considering that the nuclear
geometry radius R As. Therefore, we expect these two terms to become even
less important as the mass number A increases.

(31)

3. property of n

According to Eq. (3), the proposed correlation for mirror nuclei is governed by the
observable 7. Therefore, the properties of this correlation are largely determined
by this observable. Using Eq. (31), we can discuss the robustness of n and its
uncertainty arising from our modeling.

3.1. Robustness

The robustness of 7 refers to its stability when varying the a or R parameters. Such
robustness makes our prediction based on the correlation of Eq. (3) largely immune
to the uncertainties of a and R parameter, as well as other potential local structural
irregularities, such as shell effects and pairing.

Thus, we should first observe how a and R parameters vary to understand
the robustness of 1. Based on the compilation of @ and R values from experimental
data,'?® we plot all the a and R values for A < 100 in Fig. 1. In Fig. 1(a), R appears
to be a monotonically increasing function of A. A linear fit between R and A'/? is
carried out, suggesting R = 1.076(2)A'/? fm. This indicates that the R parameter
well follows the commonly accepted A'/3 law of nuclear size, further confirming the
nature of R as the nuclear geometry radius. In Fig. 1(b), the a parameter varies
between 0.5 and 0.6 fm, with no clear systematics observed. However, we note
that in Eq. (31), the a parameter affects 1 evaluation only through the a/R ratio.
Thus, only the a/R ratio matters. We plot a/R ratio in Fig. 1(c), and fit it to a
proportional relation of a/R & A~'/3. Most a/R ratios are found close to a/R =
0.531(4)A~'/3, suggesting that from the perspective of a/R ratio, the variation
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Fig. 1. (Color online) a and R for A < 100 from experimental compilation.1?> R is related to
A as expected by the A!/3 law, and the linear fit with zero intercept gives R ~ 1.076(2)A1/3
fm. a appears to be independent of A, but the a/R ratio generally follows the regularity of
a/R = 0.531(4)A~1/3. The red curves represent the results of the fitting.

in a is much smaller than that in R, and behaves nearly as a constant. Therefore,
although the a parameter seems to vary randomly, there should be some systematic
evolution of n with the R and a/R ratio, i.e. the mass number A. Moreover, as A
increases, a/R ratio approaches zero following the A~1/3 law. This suggests that
for heavier nuclei, the charge distribution becomes similar to a uniformly charged
sphere, and 7 should approach to 1y for N ~ Z nuclei.

Using Eq. (31) with numerical integration algorithms, we can observe the general
tendency of 7 as a function of the mass number A, i.e., the R parameter following
the commonly adopted R = 1.2A4'/3 regularity, and the color-mapped a /R ratio up
to 0.24, with perfect isospin conservation (6 = 0), as shown in Fig. 2. The value 0.24
is the upper boundary of the a/R ratio, as shown in Fig. 1(c). It can be observed
that 7 only varies within a range of approximately 0.1 for all possible a/R ratios
and R values (mass number A). Therefore, the correlation between binding energy
difference and charge radius of mirror nuclei, governed by the n observable, should
be robust regardless of the mass region (the R parameter), and the numerical
fluctuation in the a/R ratio, as long as the R oc A3 law holds.

Using the experimental binding energy and RMS charge radii data from the
AME20, Rcl3, and Rc21 databases, as well as Ref.,60762:6% we calculate n for all
available mirror nuclei according to Eq. (3). We plot the experimentally determined
TNexp a8 a function of mass number A in Fig. 2. Most of the ey, values fall within the
expected 7 trend, as indicated by the green color mapping of the a/R ratio, except
for few light nuclei around A ~ 20 or A = 10. There are clear inflection points
along the neyp evolution, which can be attributed to the charge asymmetry term

N ZZ in Eq. (13). We found that within different ranges of A, the experimental

% factors, leading to these noticeable inflection points. We

data favor distinct
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Fig. 2. (Color online) n against mass number A. The green color mapping of the a/R ratio illus-
trates how 7, as calculated from Eq. (31), varies with the a/R ratio and the R parameter, using
the commonly adopted R = 1.2A/3 fm and assuming perfect isospin conservation with 8 = 0.
The black square (M) represents the experiential nexp, calculated using Eq. (3), with the binding
energy and RMS charge radii data taken from the Rc13, Rc21, and AME20 databases. The blue
polyline schematically highlights the inflection points of the 7exp evolution across different mass
regions. The red circle (o) represents the theoretical 7mipe, calculated from Eq. (31), using the
best-fit parameters R = 1.088A1/3, a/R = 0.584A~1/3 and 6 = 1.047.

also note that the experimental error of 7.y, is smaller than the uncertainty in 7
due to fluctuations in the a/R ratio between 0 and 0.24, as demonstrated by the
green color mapping in Fig. 2. Therefore, fluctuations in the a/R ratio may still
introduce significant modeling uncertainty to our following predictions based on
Eq. (31), compared to the experimental error.

We briefly investigate how nuclear deformation affects the quantity n. To ac-
complish that, one should introduce an anisotropic charge density. Based on Eq. (9)
from Ref.,'2% we approximate the charge density with axial quadrupole deformation
within the context of the two-parameter Fermi model as follows:

Po
p(r,0) = ) Jrexp{rfR[ltlﬁYoz(@)} }’ (32)
where 3 is the quadrupole deformation parameter, and Y (6) is the corresponding
spherical harmonic function. We would like to note that the analytical formalism
for n with deformation is not yet fully established. Therefore, evaluating n with
Eq. (32) requires performing three-dimensional integrations, which can be quite
time-consuming. To facilitate the calculation of 7 in the presence of deformation,
we have made the simplifying assumption of neglecting isospin asymmetry and fo-
cusing solely on the direct term in our 7 calculations. This decision is based on
previous studies indicating that isospin asymmetry, exchange terms, and spin-orbit
terms contribute less significantly to n, while they significantly increase computa-
tional complexity when deformation is considered. As a result, the evaluated n can
be regarded as a function of a/R and the deformation parameter 8. We present a
contour plot of 1 against a/R and § in Fig. 3. For small values of a/R, deformation
has a relatively larger impact on 7, albeit only amounting to a 2%ovariation. As
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Fig. 3. (Color online)n counter map against a/R and 8 with deformation described by Eq. (32).
Isospin asymmetry, exchange terms, and spin-orbit terms are neglected for computational simplic-
ity.

a/R increases, this impact diminishes, and 1 becomes increasingly dominated by
a/R, similar to the spherical case. We acknowledge that this 7 analyses with de-
formation is just a schematic and simplified approach and look forward to further
refining it in future studies. Nevertheless, this preliminary investigation indicates
that 7 is relatively insensitive to nuclear deformation evolution. Therefore, in our
subsequent predictions and uncertainty analyses, we only adopt the spherical model
for simplicity.

After demonstrating the robustness of 7, it is crucial to revisit the rationale
behind using 7 as the foundational basis for our subsequent predictions and un-
certainty analysis. Recall that, under the assumption of a single uniform spherical
charge distribution with identical charge radii for both mirror nuclei, one can de-

. . . 2 . .
rive a non-dimensional constant n = % % irz;- This constant arises because the
leading term Aegq;, is proportional to % under such assumption according to Eq.

(18), while R, scales with R, where R represents the geometric size of the assumed
mirror nuclei. Consequently, their product, i, becomes an R-independent constant.
Such a constant enabled Bethe to estimate nuclear sizes in the early days of nuclear
physics. 119120

Now, considering a non-uniform charge distribution (i.e., the two-parameter
Fermi model) and isospin asymmetry in the charge radii of mirror nuclei, a more
intricate expression for 1 emerges, as given in Eq. (31). However, the underlying
principle remains the same: given the relatively smaller contributions to 7 of the
isospin asymmetry term, nuclear surface effects, and quantum effect of static electric
field, R. in Eq. (13) is generally proportional to R, and Ae is governed by % factor
as shown in Eq. (30). Thus, the refined 7 also is largely immune to the size effect of
nuclei, which is the fundamental reason for its robustness across the nuclide chart.

Furthermore, we have previously demonstrated the stability of the sophisticated
7 in Eq. (31) against the evolution of the nuclear skin effect (a/R parameter) and
the isospin asymmetry term o ALR, based on our survey of experimental a/R pa-
rameters and numerical evaluations. We have also made an attempt to illustrate its
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insensitivity to nuclear quadrupole deformation. They all demonstrate the robust-
ness of 7 even considering more structural detail.

In summary, the proposed 7 exhibits remarkable robustness out of other possi-
ble observable definitions, leading us to believe that it provides a solid correlation
between nuclear mass and charge radius. This, in turn, benefits our further uncer-
tainty analysis and predictions.

To make predictions, n must be calculated using Eq. (31) independently of
experimental data. This requires explicit relations between mass number A and the
R parameter, as well as between A and the a/R ratio.

However, in our model, the a and R parameters do not represent the charge
distribution of a specific nucleus, but rather the structural average of two mirror
nuclei. Therefore, we cannot directly apply the quantitative R and a/R regularities
obtained from experiments, as shown in Fig. 1(a) and (c), to calculate 7. Instead,
we assume that the general laws R o< A'/3 and a/R x A~1/3 hold, and express R
as R =19AY% and a/R as a/R = (a/R)oA~"/? in Eq. (31). By fitting this equation
to experimental 7 values using the simplex method,'?” with 7, (a/R)o, and @ as
fitting parameters, we obtained ro = 1.088 fm, (a/R)o = 0.584, and 6 = 1.047 fm.

These fitting results are numerically close to the regularities R = 1.076(2) A'/3
and a/R = 0.531(4)A~'/3 obtained from fitting the a and R data compilation,'?®
as shown in Fig. 1. Furthermore, we apply the parameters ro = 1.088 fm, (a/R)o =
0.584, and 6 = 1.047 fm to Eq. (31), and plot theoretically calculated npe in Fig.
2. The agreement between experimental and calculated values is evident within an
RMS deviation (RMSD) of ~ 0.0579. Therefore, we trust the validity of our fitting
results and use them for further uncertainty analysis and predictions.

3.2. Uncertainty

The uncertainty of the n estimation is crucial for making reliable predictions on
binding energies and charge radii. We attribute most of the modeling uncertainty
to the charge-density asymmetry of mirror nuclei. In the derivation of Sec. 2, we
assume that the mirror nuclei share the same charge density distribution function,
p(r). This means that R and a/R are the same for both mirror nuclei. However, this
assumption is unlikely to be precisely accurate, and cannot be verified using the
data in Ref.,'?® which only includes a and R from Z < N nuclei. Nevertheless, we
can compare R.:s of mirror nuclei, which may indicate the R and a/R asymmetry,
according to Eq. (12). In Fig. 4, we plot the experimental R, values of mirror nuclei
against each other in a square diagram, where the diagonal line represents perfect
R, symmetry. All the the experimental data points lie close to the diagonal line,
indicating that mirror nuclei do have nearly identical R., and therefore possibly
similar R parameter and a/R ratio. However, we also observe that R. values for
Z > N nuclei are systematically, though slightly, larger than those of their N > Z
counterparts, reflecting a slight charge density asymmetry. We also note that as
R, increases, the experimental data points systematics and gradually approach the
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Fig. 4. (Color online) R. of mirror nuclei against each other. The diagram is designed in square
shape, so that the diagonal dash line corresponds to perfect symmetry of R. in mirror nuclei, and
possibly symmetry of charge density shape. The black square (O) corresponds to R of mirror
nuclei from experimental R. compilation of Rc13 and Rc21. The solid line schematically presents
the systematics of the experimental correlation between R of mirror nuclei. R.(Z < N) of red-
circle (o) data are from Rcl3/21, while their R.(Z > N) are from Refs.,3%3% because those
experimental R.(Z > N) values are still unavailable. The blue-triangles (A) are determined by
Rc.(Z < N) from Rcl13/21, and R.(Z > N) from our own DRHBc calculations, given they are not
listed in Refs.3%:3% The uncertainties of calculated R.(Z > N) are not provided. The red circle
and the blue triangle data are all off the experimental systematics.

diagonal, suggesting that the asymmetry is reduced in heavier nuclei with larger

99,124 where the difference of mirror

R.. This asymmetry was also observed in Refs.,
R, values was related to (N — Z)/A. The modeling uncertainty in the estimated 7
due to charge-density asymmetry is expected to decrease for larger mass number A.
Therefore, we should quantify the uncertainty in 7, separately for light and heavier
nuclei.

Furthermore, by examining Fig. 2, we note that the experimental 7.y, exhibits
several inflection points, which divide the data into four mass regions, each with
a distinct trend in the evolution of 7exp. In the mass range 10 < A < 24, nexp
appears more random. As shown by the blue polyline of Fig. 2, in the mass ranges
24 < A < 31 and 41 < A region, nexp generally increases monotonically with A,
whereas in the range 31 < A < 41, it decreases. Empirically, the uncertainty of
estimated 7, differs in the mass regions with different 7eyp, trends. Therefore, we
should quantify the uncertainty in 7. separately for each of these four regions.

In each mass region, we estimate the modeling uncertainty of our 7y calcu-

lation, using the maximum-likelihood method from Refs.,'®55 i.e., the following
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Table 1. 0, and p, representing the modeling uncertainty and systematic deviation of our calcu-
lated 7Mghe, obtained from the iterations using Eq. (33) for four different mass regions.

I o I o
100<A<24 -0.009 0.024 24<A<31 0.009 0.014
31<A<41 0.001 0.010 41 < A 0.003 0.009

iterative process

i i 2 i
9 wa |:(77exp ~ Mthe — /U‘) - (Uexp)2:|
- T
_ 2 Wi [Texp — Mine (33)
> wi
1

a.

/LUZ = =
2 2
(O-éacp) + On
Here, neyps Mine and ogy,
and the corresponding experimental error, in the region under investigation, respec-
tively. o, represents the modeling uncertainty in our 7. calculation, and i denotes

represent the i-th experimental and theoretical 1 values,

the systematic deviation of 7 from experiments. The calculated values of o, and
u for the four regions 10 < A < 24, 24 < A < 31,31 < A <41 and 41 < A are
presented in Table 1.

As shown in Table 1, the theoretical uncertainty o, decreases significantly from
0.024 to 0.009. This confirms that our 7, estimation introduces larger uncertainty
for lighter nuclei, as anticipated in our previous analysis of Sec. 3.2. Therefore,
we accept the o, values listed in Table 1 as the modeling uncertainty of 7ne, and
we will use these o, values in our subsequent analysis and predictions of binding
energies and charge radii.

Moreover, ju represents the systematic deviation of our e estimation from
experimental values. To account for this deviation, we adopt

ﬁ = Nthe + U, (34)

as our final and optimal estimation of 7.

4. verification and prediction
4.1. Binding energy per nucleon

According to Eqs. (2) and (3), if the experimental binding energy per nucleon and
charge radius of a given nucleus nucleus are, the binding energy per nucleon of its
mirror nucleus can be predicted as follows

(%, N)

Epre(N7 Z) = Eexp(Z7 N) - exp(Z N)

(N - 2). (35)
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Fig. 5. Difference between “predicted” binding energy per nucleon (¢P*®) and the experimental
values (e°*P) against mass number A, for nuclei available in AME20. The prediction uses exper-
imental data from AME20, Rc13 and Rc21, based on Eq. (35). The prediction uncertainty are
calculated as /02 + 02 using Eq. (36) and (37). The obvious inconsistency for 11:120 is high-
lighted.

Here, e**P(Z, N) is the experimental binding energy per nucleon of the nucleus with
Z protons and N neutrons, and R&P(Z, N) is the experimental RMS charge radius
of this nucleus. 7 is calculated with Eq. (34), and eP**(N, Z) represents the predicted
binding energy per nucleon of the mirror nucleus. The prediction uncertainty has
two components. The first arises from the experimental errors in ¢*P(Z, N) and
RSP, and is given by

1*(Z,N)(N — Z)?
55(N7Z) = \/6§(Z,N) + [Rﬁxp(Z ]\/')}4 512:5c(zvN)’ (36)

where 0.z n) and 6g,(zn) are the experimental errors of e*P(Z,N) and
R&P(Z, N), respectively. The second component is due to the modeling uncertainty
in our 7} estimation, expressed as
N - Z|
o = —
e(N,Z) REXP(Z, N)

The total uncertainty is then calculated as /02 + o2. In this work, we predict

the binding energies per nucleon of 197 nuclei, which are listed along with their
128

o5(Z,N). (37)

corresponding total uncertainties in the Supplemental Materials of this paper.

To verify our prediction method for binding energy per nucleon &, we use data
from AME20, Rc13 and Re21 to “predict” eP™ values for nuclei, whose £**P values
are also available in AME20. We present the difference between ¢*P and eP™ in
Fig. 5. In most cases, the differences fall within prediction uncertainty, except for
UN and 120. Our predicted binding energies for *'N and %20 obviously differ
from experimental values, exceeding the 1o confidence interval. The RMSD of the
mass excesses is 193 keV, and excluding the clear discrepancies for ''N and ''20,
it is 160 keV. This RMSD is not competitive, compared to other mass predictions
based on the mass correlations between mirror nuclei, such as those in Refs.52 5556
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However, it is noteworthy that our prediction does not exclude unbound nuclei. For
unbound nuclei, Ref.%* also reported predictions with an RMSD of 183 keV, or 164
keV without 'Li/O mirror, which is consistent with the performance of our mass
predictions. Thus, the inaccuracy of our mass predictions may be attributed to the
inclusion of unbound nuclei.

One question arises: does such a large RMSD aligns with our model uncertainty,
or does it stems from a systematic deviation of our predictions from experiments.
The x? analysis could provide answers. We define the reduced x? for mass excess
as

2 1 (ngp - M;i)rc)z
V32 (o) (o)

where M(  is the experimental mass excess of the i-th nucleus. M}, of , and
Opre are the corresponding predicted value, experimental error, and prediction un-
certainty calculated as /02 + o2 using Egs. (36) and (37), respectively. The factor
ﬁ is introduced instead of %, because there are three fitting parameters used to
fit Eq. 31 to experiments. If 3, is much larger than 1, then our prediction likely has
a systematic deviation from experiments, which could be corrected by introducing
a simple phenomenological adjustment to our mass prediction. Conversely, if it is
much smaller than 1, there may be an overfitting problem.

For the entire set of mass excess, x3; = 1.1. Excluding !N and 1120, 3, = 0.9.
Both values are close to 1, suggesting that the estimated modeling uncertainty
aligns with the RMSD, and that no systematic deviation exists in our prediction.
Therefore, no simple correction can be made to further improve our mass prediction.

The disagreements for !N and 20 are understandable. As demonstrated

in Fig. 4, the experimental charge radii of mirror nuclei appear to follow linear
systematics, indicating a slight charge-density asymmetry between mirror nuclei.
We further plot the charge radii of 'Li/O in Fig. 4, with R. = 2.48(4) for ''Li from
Rcl13 and R, = 3.3 fm for 'O from our DRHBc calculation, as it is not available
in current DRHBc databases.?*3°> We observe that the charge radii of 'Li/O are
significantly off the experimental systematics, indicating a greater asymmetry than
expected. Given that our prediction is based on the assumption of charge-density
symmetry between mirror nuclei, the large deviation for 'O here is understandable.
A similar argument applies for 1!Be/N and '2Be/O mirror nuclei, whose R, values
also deviate from the general systematics, as shown in Fig. 4. The disagreements
for 1'N and ''20 suggest that our method may also serve as a sensitive probe for
detecting large charge-density asymmetry between mirror nuclei.

We predict binding energies per nucleon for some proton-rich nuclei that
are not experimentally available, and compare them with those from other
34,35,52,54-56 i Fig. 6 by presenting the differences between their predictions
and ours. Such differences are calculated by subtracting our £P™ values from the
corresponding P values in other works. Most of these differences in P™ are close
to 0 within the 1o confidence interval, indicating that our prediction generally

works
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Fig. 6. (Color online) Difference between the predicted binding energies per nucleon (¢P*®) in this
work and those from Ma et al.,>? the DRHBc databases,?%3% Bao et al.,’% Guo et al.’® Zong
et al.,>* and the mass-surface (TMS) estimation in AME20,'22 These differences are calculated
by subtracting our eP*® values from the corresponding £P*® values in other works. Our prediction
uncertainty is determined as /82 + o2 using Eq. (36) and (37). The obvious inconsistency for
some A ~ 30 K or Ca isotopes with Z = 19,20 (especially 32Ca), and 7°Sr is emphasized.

agrees with others, except for some K and Ca isotope around A ~ 30, as well as
708r. For these exceptions, our predictions deviate from others’ by ~ 100 keV. No-
tably, for *2Ca, Ma et al., Bao et al./DRHBc and our predictions show significant
difference in mass estimates. We plot R.s of 32Mg/Ca and "°Ge/Sr mirror pairs
in Fig. 4, where R.s of 3?Mg and "°Ge are from Rc13/21, and those of 32Ca, 7St
are from DRHBc24 and our own DRHBc calculation, since their R.s are experi-
mentally unavailable. These R.s of mirror nuclei deviate clearly from the regular
systematics, showing much larger asymmetry than other mirror nuclei. Similar to
the ''N and '1'20 cases in Fig. 5, this large asymmetry affects our predictions for
binding energies per nucleon of these exceptions.

For a comprehensive comparison between the mass-prediction uncertainties
across different models, we present the uncertainty distributions of eP*® from vari-
52,54-56 and this work, for experimentally unavailable nuclei,
in Fig. 7. In our perdition, the uncertainty due to experimental errors in inputted
binding energy per nucleon and charge radius of corresponding mirror nucleus is
typically around 1 keV, which is similar to the uncertainties found in other models.

ous local correlations

However, the modeling uncertainty from our 7 estimation is widely spread, reaching
up to ~25 keV, which is the primary contributor to the uncertainty in our predic-
tions. While the robustness of 77 offers a stable prediction method, it also makes
our correlation less sensitive to local structural detail, which can lead to significant
uncertainty in the fitting parameters, thereby reducing the reliability of predictions
made using this correlation.
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Fig. 7. (Color online) Distribution of prediction uncertainty for experimentally unavailable € in this
work, as well as in the predictions by in Ma et al.,>? Bao et al.,’® Guo et al.?® and Zong et al..5*
O is calculated using Eq. (36), representing the uncertainty due to experimental input errors. o,
is calculated using Eq. (37), corresponding to the modeling uncertainty in our n estimation.

4.2. RMS charge radii

Similarly, we can use the known binding energies per nucleon of a mirror pair to
predict their RMS charge radii, by transforming Eq. (3) into
n(Z,N)(N — Z)
e(Z,N)—¢e(N,Z)’

The corresponding prediction uncertainty due to experimental input errors is given

Re(Z,N) = (39)

by
5 (2, N)\/JS(Z,N) +02n.2) 10
RC(Z,N) - ‘E(Z, N) _ E(N, Z)| ) ( )
while the modeling uncertainty due to the imperfection of our 7 estimation is
R.(Z,N)
OR.(Z,N) = Wo'ﬁ(Z,N)- (41)

The total uncertainty is then calculated as ,/5}2%6 + 012%6. In this work, we predict

the charge radii of 199 nuclei, which are listed along with their corresponding total
uncertainties in the Supplemental Materials of this paper.'?®

Using Eq. (39), we can utilize the AME20 database to “predict” some R, values
available in Rc13/21, and compare them to experimental values from Rc13/21, by
showing the difference between our “predictions” and experimental charge radii in
Fig. 8. Our predictions mostly agree with experiments within the 1o confidence
interval, except for ''Be, which is the mirror nucleus of ''N, showing a clear in-
consistency in the binding energy prediction in Fig. 5. The RMSD for all available
data is 0.054 fm, and excluding ''Be it is 0.047 fm, which is of the same order of
RMSDs in Refs.,34:3% 107 hut is noticeably larger that that in Ref.!%® The accuracy

of the predicted charge radii is not optimal, which is understandable. Our method
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Fig. 8. Difference between the “predicted” charge radii using AME20 and Eq. (39), and experi-
mental charge radii (R&*") from Rcl3, Rc21, and Refs.60762,68 a5 a function of mass number A.

The prediction error is calculated as 4 /512'20 —+ a%c using Eqgs. (40) and (41). The inconsistency for
11 Be is highlighted.

considers the product of mass difference in mirror nuclei and corresponding charge
radius as a robust observable, 1. Therefore, the accuracy of both mass and charge
radius predictions should be positive correlated. Since the accuracy of our mass
prediction is not competitive, we don’t expect our charge-radius predictions to be
highly accurate either.

Nevertheless, we still need to evaluate whether our predictions have a systematic
deviation from experiments, or over-fitting problem, using the x2 analysis. The
reduced X?‘tc is defined as

2 1 (Ré exp Mé pre)2
XRCZN,?)Z (Ji >2+(0i )Qa (42)
exp pre

where Riq ., Be pres Ooxp and o, are the experimental and predicted charge radius

of the i-th nucleus available, and corresponding experimental error and prediction

uncertainty, calculated as /0% + 0% using Egs. (40) and (41), respectively. For
the entire dataset, X%c = 0.955, and for those excluding !'Be, x%u = 0.850, both
of which are close to 1, suggesting that our prediction uncertainty is reasonably
estimated, and that there is no systematic deviation in our predictions of charge
radii.

For ''Be, the predicted RP™ is larger than the experimental value by ~0.3 fm.
As discussed earlier, the significant charge-density asymmetry in the ! Be/N mirror
nuclei leads to a very different experimental 7., compared to our estimation 7,
which explains this discrepancy for !!Be, as shown in Fig. 4. A similar approach has
been used to support the existence of a proton halo structure in '7Ne.?? Therefore,
we believe that every failure in our prediction may correspond to an off-systematics
behavior in the R, diagram of mirror nuclei as seen in Fig. 4.

We also use Eq. (39) to predict unknown R. (RP™) using AME20, and compare
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Fig. 9. (Color online) Difference between RE™ from this work and those from other works, including
DRHBc databases,3%:35 Piekarewicz et al.’s,!%4 Ma et al.’s,107 and Bao et al.’s'96 works, as a
function of mass number A. The differences are calculated by subtracting our RE™® values from
the corresponding RE™° values in other works.

these predicted values with those from other works,34:35:104,106.107 1y presenting
the difference between RP™ from this work and those from literature, as shown in
Fig. 9. Such differences are calculated by subtracting our RE™ values from the cor-
responding RE™ values in other works. We observe reasonable agreement between
our predictions and those from other works within ~ 0.2 fm deviation, which is
nearly the 1o confidence interval. Recently, we noticed that a reduced x? analysis
shows our results agree with predictions from the systematic study of charge-radius

f,7129

differences between mirror nuclei, as reported in Re within the prediction er-

Trors.

4.3. Bound/unbound nature for inconsistencies

By analyzing all the inconsistencies between our predictions and experimental re-
sults, or other predictions, we identify a pattern: each inconsistency corresponds to
a deviation from the regular systematics in the mirror R, plot, as shown in Fig. 4.
Each off-systematics data point involves a Z > N nucleus with a significantly larger
charge radius than its Z < N mirror, which could feature a possible proton halo
structure T, if this Z > N nucleus is weakly bound. Therefore, we are highly moti-
vated to investigate every inconsistency from our predictions to determine whether
the corresponding mirror nucleus is bound or not, i.e., whether its proton separation
is positive or negative.

We list the proton (or two-proton) separation energies of these off-systematics
mirrors in Table 2. These off-systematics mirrors mostly exhibit an unbound nature
in their Z > N nuclei, with negative proton separation energy beyond the proton
drip line, except for 3?Mg/Ca mirror. The bound ground state of 32Ca can be

TSee Refs.130-134 and references therein, for recent studies on the proton halo.
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Table 2. Proton (or two-proton) separation energies (in MeV) for mirror nuclei that deviate from
systematic trends in Fig. 4. All data are based on the binding energies from AME20, except for
32 /Mg/Ca and 79Ge/Sr, where the relevant binding energies are taken from DRHBc243° and
DRHBc calculations. Due to insufficient data, we present only the two-proton separation energy
of 708r.

Z <N Sy Z>N S, Sap
HLi 15.76(9) 10 -1.6(4)
HBe  20.16(1) N -1.378(5)
2Be  22.939(2) | 20 -0.36(1)
32Mg  20.36(1) | 32Ca 3(1)
0Ge  8.523(1) 08y -1.5(5)

attributed to the Z = 20 magic number, which is unlikely to produce a proton halo.
Thus, the robust correlation proposed so far does not identify a candidate with a
proton halo, but we believe it has the potential to do so, as more binding energies
and charge radii of proton rich nuclei become available from future experiments.

Beyond the asymmetry in the 32Mg/Ca mirror pair, the robustness of the Z = 20
magic number emerges becomes evident. The off-systematics behavior of charge
radii in this mirror pair indicates that the charge density of 32Ca, associated with
the Z = 20 magic number, is markedly different from that that of 3>Mg, where the
proton Fermi surface is at Z = 12 in the middle of the sd shell. This difference
results in an inaccurate prediction of the binding energy for 32Ca, as previously
demonstrated. Furthermore, a large charge radius may correspond to a less bound
structure, as observed in other bound-unbound mirror nuclei listed in Table 2,
where the Z > N nuclei consistently exhibit larger charge radii and negative proton
separation energies according to Fig. 4 and Table 2. Therefore, the relatively larger
charge radius of 32Ca may suggest an unbound ground state. However, 32Ca still
has bound ground state and a positive proton separation energy, highlighting the
robustness of Z = 20 magic number even when the neutron number is reduced to
N =12, and the charge distribution is significantly spread.

For other bound-unbound mirror nuclei in Table 2, we have shown that unbound
protons can potentially enlarge the charge radius, increase the asymmetry in the
charge density, and reduce the reliability of our predictions. Therefore, to accurately
predict the masses of the unbound nuclei in a mirror pair, different proton densities
may need to be introduced for the bound and potentially unbound nuclei of a mirror
pair, as was done in Ref.?* Specifically, we should consider using different R values
and a/R ratios for both Z > N and Z < N nuclei of a mirror pair. However, we
have not yet found an experimental survey of the a and R parameters for Z > N
nuclei, making it ungrounded to introduce another set of R and a/R values at this
time.
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Fig. 10. (Color online) Predicted charge radii as a function of A1/3_ A proportional fit is applied to
all predicted charge radii, and represented by the solid black line, illustrating the conventional rule
of Re o< A'/3 regularity. Nuclei near the proton dripline, with an experimental proton separation
energy of S <1 MeV,36 are highlighted with red dots. A dashed red line is included to guide the
eye, and to schematically illustrate the mass dependence of charge radii near the proton dripline.

4.4. A dependence of charge radii

It’s known that exotic nuclei, especially those near the proton dripline, do not follow
the usual regularity of A dependence as stable nuclei do. It is interesting to examine
the A dependence of our predicted charge radii, and to analyze how these predicted
charge radii uniquely evolve with mass number near the proton dripline.

We plot our predicted charge radii against A'/3 in Fig. 10. A proportional fit
is applied, demonstrating the general regularity of R, o A'/3 for the predicted
charge radii, which is expected due to the incompressibility of nuclear matter. On
the other hand, we highlight the nuclei near the proton dripline, specifically those
with experimental proton separation energies®® of less than 1 MeV, in Fig. 10.
We find that the predicted radii near the proton dripline indeed follow a different
systematics compared to the global R, o< A'/3 regularity. Therefore, we believe our
predictions reasonably establish the known and obvious difference in A dependence
between nuclei near proton dripline and those farther away, further validating our

predictions.
Moreover, the charge radii along the line of 3 stability follows
- 1 ) 1/3
Re=(ro+ s + um) < A, (43)
where rg = 0.707, r; = 1.11 and ro = —0.55 are obtained from the least-squares

fitting of Eq. (8) in Ref.°” In the nuclide landscape of Fig. 11, we present the de-
viation of our predicted charge radii from Eq. (43) using color mapping, which
provides another perspective on the difference in the A dependence of charge radii
between proton dripline nuclei and stable nuclei in our predictions. It can be seen
that along the [-stability line, the deviation is quit small, whereas as approach-
ing the proton dripline, the deviations become increasingly significant. This also
demonstrates that the charge radii of proton-dripline nuclei exhibit a different A
dependence compared to those of stable ones, as expected.
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Fig. 11. (Color online) Deviation of our predicted charge radii from Eq. (43), which is considered
to be the empirical formula of charge radii along the line of 3 stability.

5. summary

In this work, we propose a new, robust and nontrivial correlation between binding
energies and charge radii of mirror nuclei. This correlation is governed by an ob-
servable 7 defined in Eq. (3), which can be estimated using Eq. (34), independently
of experiment data, relying only on the mass number A and proton number Z.

The numerical analysis suggests that n varies little with the fluctuations in the
nuclear geometry radius and charge surface thickness. It also remains stable across
different mass regions, as confirmed by experimental survey. Therefore, it provides
a robust correlation that can be applied to predict the binding energies and charge
radii of proton rich nuclei.

We note that the proposed correlation is derived analytically using the liquid
drop model and the Fermi model for nuclear charge density. Both models are global
frameworks that utilize empirical formulas based on the experimental data of the
near-stable nuclei. However, this correlation also apply across a wide range of nu-
clide landscape, especially for proton-rich nuclei, illustrating the robustness of this
correlation.

We also emphasize that the correlation proposed here is not trivial. Although
the binding energy and charge radius are both related to mass number and charge
number, which might suggest an apparent natural correlation, the reality is more
complex. These two observables not only depend on mass number and charge num-
ber, but also are significantly influenced by the shape of charge density, exchange
symmetry of identical protons and spin-orbit coupling within the Fermi model and
the liquid drop model. Therefore, establishing an analytical correlation between
them necessitates sophisticated and strong interplay between these two models,
including the formalism consistency implied in Sec. 2.5, the specific parameter reg-
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ularity illustrated in Fig. 1 and the global invariance of 7 highlighted in Fig. 2.
Hence, we do not take this correlation for granted.

Using this correlation, we predict the binding energies per nucleon of 199 nuclei
and the charge radii of 197 nuclei, which are listed along with their corresponding
uncertainties in the Supplement Material of this paper.'?® The predicted results
agree with current experimental data and other theoretical predictions, with few
exceptions. The inclusion of unbound nuclei may account for the relatively large
RMSD in the mass and charge-radius predictions, making them less competitive in
terms of accuracy. However, the reduced x? analysis suggests that our uncertainty
evaluation reasonably consists with and justifies such large RMSD.

Although incorporating an additional set of Fermi parameters for nuclei with
Z > N is presently difficult due to the absence of experimental support and the
inherent theoretical complexity, we believe that enhancing our prediction method
by introducing distinct R values and a/R ratios for mirror pairs of nuclei with
Z > N and Z < N holds promise for improving its accuracy. This could serve as a
self-consistent and elegant direction for future investigations.

We focus on the inconsistencies between our predictions and experimental re-
sults, or other predictions, which are associated with the off-systematical asym-
metry in the charge radii of mirror nuclei. Such unusual asymmetry may suggest
exotic structures of Z > N nuclei in a mirror pair. Additionally, we examine the
mass dependence of predicted charge radii, and highlight significant difference in
mass dependence between nuclei near the proton dripline and those farther away.
This systematic difference is consistent with previous understandings of the charge
radii of exotic nuclei, which further supports our prediction method. Therefore, we
believe that the proposed correlation could serve as a sensitive probe for detecting
local anomaly near proton drip line.
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